Abstract. The elliptic genera of the K3 surfaces, both compact and non-compact cases, are studied by using the theory of mock theta functions. We decompose the elliptic genus in terms of the N = 4 superconformal characters at level-1, and present an exact formula for the coefficients of the massive (non-BPS) representations using Poincaré-Maass series.
Introduction
Studies of an asymptotic behaviour of p(n), which is the number of partitions of n defined by
were initiated by Hardy and Ramanujan [22] . The generating function in the left hand side is essentially the inverse of the Dedekind η function, and it is well-known that its asymptotic behavior is given by
3 .
An exact asymptotic expansion was later derived by Rademacher by use of the circle method (e.g. [41, Chapter 14] ) as p(n) = π (24 n − 1)
The number of partition p(n) has received wide interests [2] , and has played an important role in various areas of mathematics and physics. One of the generalizations of p(n) is given by the Ramanujan mock theta function [11] (see also Refs. 3, 21 for a review), which was proved by Dragonette [10] . This asymptotics was later improved by Andrews [1] , and an exact formula for α(n) called the Andrews-Dragonette identity was conjectured. Bringmann and Ono proved the conjecture using the work of Zwegers [4] on mock theta functions.
In our previous paper [12] , we have shown that the theory of mock theta functions is useful in studying the elliptic genera of hyperKähler manifolds in terms of the representations of N = 4 superconformal algebra. We have used the results of Zwegers [47] that mock theta function is a holomorphic part of the harmonic Maass form with weight-1/2 and has a weight-3/2 (vector) modular form as its "shadow" (see e.g. Refs. 39, 46 for reviews). As one of the applications of this structure behind the mock theta functions, we employ the method of Bringmann and Ono [4, 5] (see also Ref. 6 ) in this paper to derive an exact formula for the Fourier coefficients of the elliptic genus for the K3 surface which counts the number of non-BPS (massive) representations. Analogous computations of Fourier coefficients of the partition function of three-dimensional gravity using the Poincaré series were discussed in Refs. 9, 33, 34, 36 . In these papers Jacobi forms are considered instead of mock theta functions.
We shall also give an exact formula for the number of non-BPS representations for the ALE space, which is a degenerate limit of the K3 surface. The ALE spaces, or the asymptotically locally Euclidean spaces, are hyperKähler 4-manifolds, and are constructed from resolutions of the Kleinian singularities.
We also would like to point out that the non-holomorphic partner of the level-1 superconformal characters is connected to the Witten-Reshetikhin-Turaev (WRT) invariant for 3-manifold associated with the D 4 -type singularity. This paper is organized as follows. In section 2 we recall a relationship between the N = 4 superconformal characters and the mock theta functions studied in Ref. 12 . We briefly review the elliptic genus of the K3 surfaces in section 3. We show how to decompose the elliptic genus in terms of the superconformal characters. In section 4, we introduce the Poincaré series, whose holomorphic part has the same Fourier coefficients as the number of non-BPS representations. Following Bringmann and Ono, we compute the Fourier expansion of the Poincaré series, and give an exact asymptotic formula. We numerically compute the asymptotic expansion to confirm the validity of our analytic expressions. In section 5 we recall a fact that a limiting value of the non-holomorphic part of the harmonic Maass form is related to the SU(2) WRT invariant for the Seifert manifold M(2, 2, 2). The last section is devoted to concluding remarks.
The N = 4 Superconformal Algebras and Mock Theta Functions
The N = 4 superconformal algebra is generated by the energy-momentum tensor, 4 supercurrents, and a triplet of currents which constitute the affine Lie algebra SU(2) k . The central charge is quantized to c = 6 k, and the unitary highest weight state is labeled by the conformal weight h and the isospin ℓ;
where h ≥ k/4 and 0 ≤ ℓ ≤ k/2 in the Ramond sector. The character of a representation is given by
where q = e 2 π i τ with τ ∈ H, and H denotes the Hilbert space of the representation.
There exist two types of representations in the N = 4 superconformal algebra [17, 18] : massless (BPS) and massive (non-BPS) representations. In the Ramond sector, their character formulas are given as follows;
• massless representations (h = k 4
, and ℓ = 0, 1 2 , . . . ,
See Appendix for definitions of the Jacobi theta functions.
where χ k,ℓ (z; τ ) denotes the affine SU(2) character
with the theta series defined by
Characters in other sectors are related to each other by the spectral flow;
Hereafter we study the theory at level k = 1 (c = 6) in the R-sector, where the massless character is given by ch e R k=1,h=
It is known that this formula may be rewritten as [19] ch e R k=1,h=
µ(z; τ ), (2.5) where µ(z; τ ) is a Lerch sum defined by
Note that the massless characters fulfill an identity ch e R k=1,h= 1 4 ,ℓ=
which shows that the non-BPS representation decomposes into a sum of BPS representations at the unitarity bound.
As shown in Ref. 47 , we can complete the Lerch sum µ(z; τ ) to a Jacobi-like form µ(z; τ ) as
Here R(τ ) denotes a non-holomorphic function defined by
E(z) denotes the error function given by
The function µ(z; τ ) transforms like a Jacobi form [20] as follows;
πi µ(z; τ ),
One can conclude from Ref. 47 that the non-holomorphic function (2.9) is a period integral of the third power of the Dedekind η-function,
Then the function µ(z; τ ) satisfies
Here the derivatives in τ = u + i v are defined by
Thus the function µ(z; τ ) is a harmonic Maass form with weight 1/2 and has [η(τ )] 3 as its "shadow" according to the terminology of Zagier [46] . Similar q-series was studied in recent work on the Donaldson invariant [32] . We note that the above differential equation (2.14) reduces to ∆1
where ∆ k is the hyperbolic Laplacian of weight k, 
where (−1)
, and H R is the Hilbert space on the Ramond sector. In the case of K3 surface, it is known that [14, 30] 
To rewrite the elliptic genus in terms of the level-1 characters we introduce the function J(z; w; τ ) by
It was shown [12] that J(z; w; τ ) behaves like a 2-variable Jacobi form [20] under the modular transformation;
J(z + 1; w; τ ) = J(z; w; τ + 1) = J(z; w + τ ; τ ) = J(z; w; τ ),
These modular properties together with (3.4) show that J(z; w; τ ) with w at the half-periods
is given by Jacobi theta functions as follows;
(3.6)
Note that the Lerch sums introduced in Ref. 19 are proportional to µ(w; τ ) at w =
We thus find that, using (3.6), the elliptic genus (3.2) is written as
For later convenience let us define
Here coefficients A n are positive integers, and some of them are computed as follows; Using the massive character (2.3) (k = 1, ℓ = 1/2) and the identity (2.7) we conclude that the elliptic genus (3.2) for K3 surface is decomposed into a sum of superconformal characters as [14] Z K3 (z; τ ) = 20 ch
Here the first two terms are isospin ℓ = 0 and 1/2 massless representations, and the last term denotes an infinite sum of massive representations.
3.2. Elliptic Genus of ALE space. The isospin- ; τ and corresponds to the identity representation in the NS sector. It describes the gravity multiplet in string compactification on K3 surface. When we decompactify K3 into an ALE space, we decouple gravity. Thus we may drop µ ; τ from the elliptic genus and consider [15, 16] 
When we define
we have a character decomposition of the elliptic genus as
Here coefficients A It is known that the K3 surface may be decomposed into a sum of 16 A 1 spaces [40] , and the elliptic genus of A 1 space is proposed as [15] ; ,0 (z; τ ) + 1 16
Note that (A n − A which transforms as where
We thus conclude that the completion (4.1) satisfies
4.2. The Whittaker Function and the Poincaré-Maass Series. The Whittaker functions [43] , M α,β (z) and W α,β (z), are solutions of the second order differential equation
We have
and
Following Ref. 
Some of them are given as follows;
where we assume v > 0, and the error function E(z) is defined in (2.10).
We define the function ϕ
Then it becomes an eigenfunction of the second order differential equation;
where ∆ k is the Laplacian defined in (2.16). Note that at ℑτ → +∞
By using the function ϕ k −h,s (τ ), we introduce the Poincaré-Maass series [6] as 10) where the multiplier system is chosen to be We mean that Γ(1) = SL(2; Z), and Γ ∞ is the stabilizer of ∞,
We see that the Poincaré-Maass series P s (τ ) transforms in the same way as Σ(τ ) (4.2), (4.3) 12) and that, due to a commutativity of the Laplacian ∆ k (2.16) and the γ action, it is an eigenfunction of the Laplacian We shall compute the Fourier coefficients of P s (τ ) in the form of Rademacher expansion. By using the standard method, we have
, the second term up to an overall factor is rewritten as
We then apply a Fourier transformation formula [6, 23] 
where the Fourier coefficients a n (v) are given as follows;
Here the (modified) Bessel function, I α (z) and J α (z), satisfy
As a result, we obtain the Fourier expansion of the Poincaré-Maass series as follows;
Proving the convergence of the above series in c > 0 is a somewhat difficult issue. Such Poincaré-Maass series appeared in the Andrews-Dragonette identity, and its convergence was proved by Bringmann and Ono [4, Section 4] by use of properties of the Kloosterman sums and Salié sums. In our case, we recall that the sum involved in (4.16) can be rewritten as
The sum on the right hand side can be parameterized by use of binary quadratic forms of discriminant −8 n + 1, and the method of Bringmann and Ono shows how this description naturally forces sufficient cancellation to justify convergence. In section 4.4 we present evidence for the convergence of the series by numerically computing the truncated series at finite values of c.
Our claim is that the Poincaré-Maass series (4.10) coincides with the completion (4.1);
Proof of this statement is analogous to that of the Andrews-Dragonette identity by Bringmann and Ono [4] . We first look at the non-holomorphic part of the Poincaré-Maass series P 3 4 (τ ). From the above expression (4.16), we obtain
As was proved by Bruinier and Funke [7, Proposition 3.2] , the left hand side is a weight-3/2 cusp form on Γ 0 (64) with a trivial character. On the other hand we have from (2.13) that
(4.20)
which is also a weight-3/2 cusp form on Γ 0 (64) with a trivial character. According to the dimension formulas for spaces of half-integral weight modular forms [8] (see also Ref. 38) , the dimension of cusp form on Γ 0 (64) is 1. We thus see that Σ(8 τ ) is proportional to P 3 4 (8 τ ). Next by comparing the coefficients of q −1 , we see that the holomorphic part of P 3 4 (8 τ ) coincides with that of Σ(8 τ ) and hence we have the equality (4.18).
Finally, we obtain an exact asymptotic expansion for A n (3.9) as
The dominating contribution comes from the term c = 1 in the above expression,
Substituting an explicit form of the Bessel function,
we have the Cardy type formula
4.3. Non-Compact Case. We shall next determine the Fourier coefficients A
• n (3.12) which are related to the number of non-BPS representations in the decompactified K3 surface. We set the completion of Σ
• (τ ) to be
Its modular transformation formulae can be deduced from (2.11). Recalling the transformation formulae for the Jacobi theta function θ 10 (z; τ ) (e.g. [41, Chapter 10]), we see that for γ ∈ Γ 0 (2) with c > 0
Using the same argument with the above, we conclude that it coincides with the Poincaré-Maass series for Σ • (τ ), 26) where the multiplier system χ(γ) is given in (4.11) . Correspondingly the Fourier coefficients of Σ • (τ ) can be computed from the Poincaré-Maass series, and we obtain
Asymptotic behavior of coefficients is given as Here we have truncated the sum over c after the first 800 terms. Though the convergence is slower than before, this agrees with (4.20).
Chern-Simons Theory
A key in our analysis is to complete the massless superconformal character µ(z; τ ) by adding the non-holomorphic partner R(τ ) (2.9) so that the sum has a nice modular property.
Here we would like to point out that R(τ ) has its own meaning as a topological quantum invariant related to a simple singularity.
The Witten invariant of 3-manifold M [45] is defined by the Chern-Simons path integral
where the coupling constant k ∈ Z denotes the level, and A is a G-gauge connection on the trivial bundle over M. The Chern-Simons action CS(A) with gauge group G is
See Ref. 42 for mathematically rigorous definition of this quantum invariant (WittenReshetikhin-Turaev invariant) in terms of the quantum invariants of links to be surgered. When M is the Poincaré homology sphere, it was shown that the Witten invariant Z k (M) with gauge group SU(2) can be regarded as a limiting value of the Eichler integral of a weight-3/2 modular form [31] . This correspondence has been checked for other Seifert manifolds [26, 27] .
Let M be the Seifert manifold M(2, 2, 2) [35] , which is a spherical neighborhood around the isolated singularity of type-D 4 ;
where S 5 denotes a sufficiently small 5-sphere around the origin. It was shown [27] that the Witten invariant Z k (M) with SU(2) gauge group is given by (see also Refs. 25, 28)
Here R(τ ) is the period integral of the third power of the Dedekind η-function (2.12), and we have a limiting value in τ → − 1 k+2
. It was shown that the topological invariants, such as the Chern-Simons invariant, the Reidemeister torsion, and the Ohtsuki invariant, of M are given by the asymptotic expansion of
It should also be noted that the non-holomorphic partner of the massless character R(τ ) is related to the knot invariant for the torus link T 2,4 [24] T 2,4 N = N e Here L N denotes a specific value of the N-colored Jones polynomial for link L at q = e 2πi/N : this quantity receives renewed interests from the viewpoint of the volume conjecture raised by Kashaev [29] , and H. Murakami and J. Murakami [37] .
Concluding Remarks
As an application of our previous result [12] that the coefficients of massive characters of the elliptic genera are the holomorphic part of harmonic Maass form, we have obtained their Rademacher-type expansion by computing the Fourier coefficients of the Poincaré-Maass series.
We note that in the elliptic genus the right-moving sector is fixed to Ramond ground state and thus the non-BPS states in the left-moving sector are actually the overall half-BPS states (BPS (non-BPS) in the right (left) moving sector). It is known that asymptotic increase of the number of half-BPS states is related to the entropy of supersymmetric systems. In fact the multiplicity factor A n behaves like an exponential (4.23) and we may identity S = 2 π 1 2 n (6.1)
as the entropy of K3 surface.
Our methods are applicable to higher level superconformal algebras and higherdimensional hyperKähler manifolds. In general hyperKähler manifolds with complex 2k-dimensions we find an entropy [13]
If we consider the case of symmetric product of K3 surfaces K3 [k] , the above entropy reproduces the black hole entropy of string theory compactified on K3 surface at large k.
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Appendix A. Jacobi Theta Functions
The Jacobi theta functions are defined by θ 11 (z; τ ) = where we have also shown the relation to the conventional notations.
